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1
n -Homogeneous
Given a positive integer n, a space is a said to be 1n -homogeneous provided there are
exactly n orbits for the action of the group of homeomorphisms of the space onto itself.
In this paper we determine the degree of homogeneity of the suspension of X , in terms of
that of X , when X is a local dendrite. Further, we establish which are the orbits of Sus(X)
and, ﬁnally, we show that no dendrite has 13 -homogeneous suspension.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Let H(X) denote the group of homeomorphisms of a space X onto itself. An orbit of X is the action of H(X) at a point x
of X , namely {h(x): h ∈ H(X)} for a given point x ∈ X . Given a positive integer n, a space is a said to be 1n -homogeneous
provided that X has exactly n orbits. Hence, 1-homogeneous spaces are the homogeneous spaces. If X is a topological space,
then the degree of homogeneity of X , denoted by dH (X), is deﬁned as the number of orbits of X . The symbol OX (x) denotes
the orbit of the space X that contains x.
Recently there has been increasing interest on 1n -homogeneity, in particular on
1
2 -homogeneity; in fact, several papers
have been written on the subject: results about 12 -homogeneous spaces are developed in [3,8,11–13], and results about
1
2 -homogeneous suspensions and
1
2 -homogeneous cones can be found in [5] and [10]. Finally, results about
1
2 -homogeneous
or 13 -homogeneous hyperspaces can be found in [1,9,14].
Sam B. Nadler Jr. asks in [8, p. 342, 4.18] which classes of continua have 12 -homogeneous suspensions. In [5] the authors
give a partial answer to that question. Later, A. Illanes asked which local dendrites have 13 -homogeneous suspensions. In
this paper we give an answer to that question; moreover, we analyze how some subsets of Sus(X) behave under homeo-
morphisms of Sus(X) onto Sus(X). Further, we determine which are the orbits in Sus(X) in terms of the orbits of X and,
ﬁnally, we show that no dendrite has 13 -homogeneous suspension.
In Sections 2, 3 and 4 we present some notation, terminology and some basic results that we will use in this paper.
In Sections 5 and 6 we show some basic results about the suspension of a ﬁnite graph with no end points, and results
about the suspension of a local dendrite.
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homogeneity of the suspension of a local dendrite. We give some corollaries as well.
2. Notation and terminology
In this section we present general notation, we recall the concept of suspension of a nonempty space and we also
introduce terminology that we use frequently. For notation and terminology not given here or in Section 1, see [7].
The symbol N denotes the set of positive integers; A × B denotes the Cartesian product of A and B; |A| denotes the
cardinality of a set A; A denotes the closure of A; int(A) denotes the topological interior of A; bd(A) denotes the topo-
logical boundary of A; diam(A) denotes the diameter of A; E(X) denotes the set of all end points of X (deﬁned below);
R(X) denotes the set of all ramiﬁcation points of X (deﬁned below).
Recall that for a topological space X , the suspension of X , Sus(X), is the quotient space that is obtained identifying all
the points (x,1) in X × [−1,1] to a single point, and all the points (x,−1) to another point (see [7, p. 42, 3.16]). We denote
the vertices of Sus(X) by v1X and v
−1
X .
We often assume that X × (−1,1) is a subspace of Sus(X). With this in mind, we write points in Sus(X) that are not
the vertices as ordered pairs (x, t). If A ⊂ X , then we consider Sus(A) as a subspace of Sus(X) with the same vertices,
v1X and v
−1
X , as Sus(X). Moreover, if Z = Sus(X), we use OZ (w) to denote the orbit of a point w in Sus(X) and we
use the symbol π∗ to denote the natural projection of Sus(X) \ {v1X , v−1X } onto X ; that is π∗((x, t)) = x, for all (x, t) ∈
Sus(X) \ {v1X , v−1X }.
A continuum is a nonempty, compact and connected metric space.
The term nondegenerate refers to a space that contains more than one point.
Given a continuum X , let 2X denote the hyperspace of all nonempty compact subsets of X . We consider the hyper-
space 2X topologized with the Hausdorff metric [2, p. 1, 0.1].
An arc is a space homeomorphic to the closed interval [0,1]. An arc A with end points p and q in a space X , is a free
arc in X provided that A \ {p,q} is open in X .
Let X be a topological space and let A ⊂ X . We say that A is a maximal free arc in X , if A is a free arc in X and no free
arc of X properly contains A.
A simple closed curve is a space homeomorphic to the unit circle S1.
A simple triod is the cone over a 3-point (discrete) space. In this case, the vertex of the cone is called the core of the
simple triod.
Let m ∈ N with m 3 and let X be an m-point (discrete) space. We deﬁne the m-theta as the suspension over X ; in the
case that m = 3, we will say that X is the Greek letter theta. We denote the m-theta by θm .
A Peano continuum is a locally connected continuum.
Let X be a topological space. If p ∈ X , then X is said to be connected im kleinen at p provided that every neighborhood
of p contains a connected neighborhood of p [7, p. 75, 5.10].
A continuum X is said to be hereditarily locally connected, provided every subcontinuum of X is a Peano continuum.
A dendrite is a Peano continuum that contains no simple closed curve [7, p. 165, 10.1].
A local dendrite is a continuum for which each of its points has a (closed) neighborhood that is a dendrite [4, p. 303].
Let X be a space and let n be a cardinal number. A point x ∈ X is said to be of order less than or equal to n provided x has
a basis of open neighborhoods in X whose boundaries have at most n elements; in this case we write ordx(X) n. If n is
the smallest cardinal number for which x has such neighborhoods, we will say that ordx(X) = n.
A point p of a space X is a ramiﬁcation point of X if ordp(X) 3, it is an ordinary point of X if ordp(X) = 2 and it is an
end point of X if ordp(X) = 1. The sets of ramiﬁcation points, ordinary points and end points of X will be denoted by R(X),
OR(X) and E(X), respectively.
Let X be a local dendrite which is not a simple closed curve. By a loop C , in X , we mean a simple closed curve in X
such that bd(C) = {v}, for some v ∈ R(X).
The hairy point, Fω , is the union of countably inﬁnitely many arcs A1, A2, . . . , such that all the arcs Ai emanate from a
single point p, and are otherwise disjoint from one another, and limi→∞(diam(Ai)) = 0.
By a ﬁnite graph we mean a continuum that can be expressed as the union of ﬁnitely many arcs, any two of which
intersect in at most one or both of their end points [7, p. 140, 9.1].
Throughout the paper, I denotes the closed interval [0,1].
3. Preliminaries
In this section we present known results on continua X and on Sus(X). Also, we present some special subsets of Sus(X)
that will be used throughout the paper. We begin this section with the following lemma.
Lemma 3.1. ([4, p. 303, 1]) Every local dendrite is a regular continuum.
Lemma 3.2. ([7, p. 171, 10.16]) Every regular continuum is a hereditarily locally connected continuum.
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components of U , then K1, K2, . . . form a null sequence, i.e., limi→∞(diam(Ki)) = 0. Thus, any collection of disjoint, connected, and
open subsets of X is a null collection.
Lemma 3.4. ([2, p. 82, 10.7]) If X1 and X2 are Peano continua (in a given space) and X1 ∩ X2 = ∅, then X1 ∪ X2 is a Peano continuum.
Lemma 3.5. ([7, p. 83, 5.22 (a) and p. 132, 8.26]) Let X be a locally connected continuum and let U be an open subset of X . If K is
a component of U , then K is an open and arcwise connected subset of X .
Lemma 3.6. If X is a ﬁnite graph with no loops, such that E(X) = ∅ and |R(X)| = 2, then G is an m-theta, for some m ∈ N.
Lemma 3.7. ([5, p. 488, 4.4.2]) If X is a local dendrite and E(X) = ∅, then X does not contain simple ∞-ods.
Lemma 3.8. ([2, p. 50, Remark to 6.4]) If X is a locally connected continuum that is not a ﬁnite graph, then X contains simple
∞-ods.
Lemma 3.9. ([5, p. 485, 3.0.6]) Let X be a locally connected continuum, let x ∈ X and t ∈ (−1,1). Then (x, t) has a planar neighborhood
in Sus(X) if and only if x belongs to the interior of a free arc in X.
Lemma 3.10. ([6, p. 123, 18.3]) Let X and Y be topological spaces and let A and B be two closed subsets of X such that X = A ∪ B.
Further, suppose that f : A → Y and g : B → Y are continuous functions. If f (x) = g(x) for each x ∈ A∩ B, then the function h : X → Y
deﬁned by
h(x) =
{
f (x), if x ∈ A,
g(x), if x ∈ B,
is a continuous function.
In [5, p. 485, 4.1.2] it is proved that if X is a nonempty topological space and OX is an orbit of X , then OX × (−1,1) is
contained in a single orbit of Sus(X). As an immediate consequence of this result we have the following.
Lemma 3.11. Let X be a nonempty topological space and let A ⊂ X. If Z = Sus(X) and A is contained in some orbit of X , then
A × (−1,1) is contained in a single orbit of Sus(X). In particular, if p ∈ X, then {p} × (−1,1) ⊂ OZ ((p,0)).
Lemma 3.12. ([5, p. 485, 4.1.1]) Let X be a nonempty topological space. Then v1X and v
−1
X belong to the same orbit in Sus(X).
Observation 3.13. Let X be a metric space and let x ∈ X . Assume that x does not belong to any arc in X . Let A be a pathwise
connected subcontinuum of Sus(X) \ {v1X , v−1X } such that x ∈ π∗(A). Note that π∗(A) is a pathwise connected subcontinuum
of X that contains x. Thus, π∗(A) = {x}. Therefore, A ⊂ Sus({x}).
In [5, p. 484, 3.0.2] it is proved that if X is a metric space, with no arcs, such that |X | 3, then for each x ∈ X and each
t ∈ (−1,1), the point (x, t) is not the core of any simple triod in Sus(X). As an immediate consequence of this result we
have the following.
Observation 3.14. If X is a metric space with no arcs such that |X | 3, then v1X and v−1X are the only points of Sus(X) that
are the core of a simple triod in Sus(X). Thus, by Lemma 3.12, we have that OZ (v1X ) = {v1X , v−1X }.
Lemma 3.15. Let X be a metric space with no arcs, such that |X |  3, and let x ∈ X. If H : Sus(X) → Sus(X) is a homeomorphism,
then H(Sus({x})) = Sus({y}), for some y ∈ X.
Proof. As a consequence of Observation 3.14 we have that H((x,0)) = (y, t), for some y ∈ X and for some t ∈ (−1,1). Let
(x, s) ∈ {x} × (−1,1), with s = 0, and consider the arc B = {x} × [−|s|, |s|]. Since B ⊂ Sus(X) \ {v1X , v−1X }, then by Observa-
tion 3.14 we have that H(B) ⊂ X × (−1,1). Moreover, H(B) is an arc and (y, t) ∈ H(B). Hence, by Observation 3.13 we have
that H((x, s)) ∈ H(B) ⊂ Sus({y}). Therefore, H(Sus({x})) ⊂ Sus({y}).
Finally, since H(Sus({x})) is a subarc of Sus({y}) that contains v1X and v−1X , we obtain that H(Sus({x})) = Sus({y}). 
We ﬁnish this section introducing some important sets; these will be used several times throughout the paper.
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P = {w ∈ Z : w belongs to the manifold interior of a 2-cell in Z} and
Q = Z \ P .
Note that the sets P and Q are invariant under homeomorphisms of Z onto Z .
Observation 3.17. Let P and Q be the subsets of Sus(X) deﬁned in Notation 3.16. In [5, p. 484, 3.0.3] it is stated that every
point of (OR(X) ∪ R(X)) × (−1,1) belongs to P . Also, in [5, p. 484, 3.0.4] it is stated that every point of E(X) × (−1,1)
belongs to Q . Finally, in [5, p. 484, 3.0.5] it is stated that, if X is a local dendrite, then the vertices of Sus(X) belong to the
manifold interior of a 2-cell in Sus(X) if and only if X contains a simple closed curve. Hence, if X is a local dendrite and
contains a simple closed curve, then
P = Sus(OR(X) ∪ R(X)) and (1)
Q = E(X) × (−1,1). (2)
Otherwise,
P = (OR(X) ∪ R(X))× (−1,1) and (3)
Q = Sus(E(X)). (4)
Notation 3.18. Let X be a continuum that contains free arcs. Deﬁne the following subset of X , let M = {x ∈ X: x ∈ int(A) for
some free arc A of X}.
Observation 3.19. Let X be a continuum that contains free arcs and let M be as deﬁned in Notation 3.18. Then no point
of M is the core of a simple triod in X .
4. Some basic results
In this section we present basic facts on a continuum, which will be used throughout the paper. For example, we show
that if X is a locally connected continuum such that X = S1, and if L is a free arc in X , then there exists a maximal free arc
or a loop that contains L (Lemma 4.24).
We begin this section with the following simple result, which will be used in Section 7.
Lemma 4.20. Let X be a metric space and let H : Sus(X) → Sus(X) be a homeomorphism such that H({v1X , v−1X }) = {v1X , v−1X }. If
A ⊂ X is not contractible in X, then π∗(H(A × {0})) is not contractible in X either.
Proof. Suppose that π∗(H(A × {0})) is contractible in X ; then, there exists a point p ∈ X and there exists a continu-
ous function G :π∗(H(A × {0})) × I → X such that G((x,0)) = x and G((x,1)) = p, for each x ∈ π∗(H(A × {0})). Let
s0 ∈ (−1,1). Deﬁne k : H(A ×{0})× I → X × (−1,1) by k((x, s), t) = (G(π∗(x, s), t), s+ (s0 − s)t), for each (x, s) ∈ H(A ×{0})
and t ∈ I . Since H({v1X , v−1X }) = {v1X , v−1X }, it is easy to see that k is well deﬁned and continuous. Moreover, k((x, s),0) =
(G(π∗(x, s),0), s) = (x, s) and k((x, s),1) = (G(π∗(x, s),1), s0) = (p, s0). Thus, the function k is a contraction in X × (−1,1).
Therefore, H(A × {0}) is contractible in X × (−1,1).
On the other hand, since A is not contractible in X , it follows that A × {0} is not contractible in X × (−1,1). Note
that H|X×(−1,1) : X × (−1,1) → X × (−1,1) is a homeomorphism. Thus, H(A × {0}) is not contractible in X × (−1,1);
a contradiction. Therefore, π∗(H(A × {0})) is not contractible in X . 
To show Lemma 4.24 we need Theorem 4.21 and Lemma 4.22.
Theorem 4.21. ([5, p. 491, 4.6.8]) Let X be a locally connected continuum that contains free arcs. Let M be as deﬁned in Notation 3.18
and assume that M = X. If K is a component of M, then |bd(K )| 2.
Lemma 4.22. Let X be a locally connected continuum and let M be as deﬁned in Notation 3.18. Assume that X = M. If K is a component
of M, then K contains no simple triods.
Proof. Suppose that K contains a simple triod T , with core w . Since K = K ∪ bd(K ), by Observation 3.19 it follows that
w ∈ bd(K ).
By Theorem 4.21 we have that |bd(K )|  2. Thus, taking T suﬃciently small, we may assume that T ∩ bd(K ) = {w}.
Further, we will assume that T =⋃3i=1 Ai , where Ai is an arc with end points w and ei , for each i ∈ {1,2,3}; also, for each
i, j ∈ {1,2,3}, with i = j, the arcs Ai and A j only intersect at the point w .
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K is an open and arcwise connected subset of X . (5)
Thus, since e1, e2 ∈ K , there exists an arc B , in K , whose end points are e1 and e2.
Next, we will show that (A1 ∪ A2)∪ B is a simple closed curve. To this aim, suppose that (A1 ∪ A2)∪ B contains a simple
triod T ′ , with core z. Since A1 ∪ A2 and B are arcs, then z ∈ (A1 ∪ A2) ∩ B ⊂ B ⊂ K ⊂ M . This contradicts Observation 3.19.
Therefore, (A1 ∪ A2)∪ B contains no simple triods. Thus, since (A1 ∪ A2)∪ B is a locally connected continuum (Lemma 3.4),
by [7, p. 135, 8.40 (b)] we conclude that (A1 ∪ A2) ∪ B is an arc or a simple closed curve. However, B joins the end points
of A1 ∪ A2, and w /∈ B; hence (A1 ∪ A2) ∪ B is not an arc. Therefore,
(A1 ∪ A2) ∪ B is a simple closed curve. (6)
Now, we will show that e3 /∈ (A1 ∪ A2)∪ B . To this aim, note that if A3 ∩ (B \ {e1, e2}) = ∅, then some point in B \ {e1, e2}
is the core of a simple triod in A3 ∪ B . However, B \ {e1, e2} ⊂ K ⊂ M , and this contradicts Observation 3.19. Therefore,
A3 ∩ (B \ {e1, e2}) = ∅. Thus,
e3 /∈ A1 ∪ A2 ∪ B. (7)
Now, by (5) there exists an arc C , in K , with end points e2 and e3. Note that (A1 ∪ A2 ∪ B) ∪ C is a locally connected
continuum (Lemma 3.4). Moreover, from (7) we have that A1 ∪ A2 ∪ B  A1 ∪ A2 ∪ B ∪ C . Then, by (6) it follows that
(A1 ∪ A2 ∪ B) ∪ C is neither an arc nor a simple closed curve. Thus, by [7, p. 135, 8.40 (b)] we obtain that the continuum
(A1 ∪ A2 ∪ B)∪ C contains a simple triod T̂ , with core r. Since C is an arc, by (6) we have that r ∈ C ∩ [(A1 ∪ A2)∪ B] ⊂ C ⊂
K ⊂ M . This contradicts Observation 3.19. Therefore, K contains no simple triods. 
Now, we introduce the following notation.
Notation 4.23. Let X be a continuum. Deﬁne the following subsets of 2X :
LX = { J : J is a maximal free arc in X} and
SX = {L: L is a loop in X}.
We will often consider the end points of an element A ∈ LX ∪ SX . Hence, when we say that p and q are the end points
of A, and A ∈ SX , we understand that {p} = {q} = bd(A).
Lemma 4.24. Let X be a locally connected continuum such that X = S1 . Let LX and SX be as deﬁned in Notation 4.23. If L is a free
arc in X, then there exists J ∈ LX ∪ SX such that L ⊂ J .
Proof. Let M be as deﬁned in Notation 3.18. Let p and q be the end points of L. Since L \ {p,q} is connected, then
L \ {p,q} ⊂ K for some component K of M . Since M is an open subset of X , by Lemma 3.5 we have that K is an open
and arcwise connected subset of X .
We observe that if bd(K ) = ∅, then K = X . This implies that M = X . Hence, by Observation 3.19, we obtain that X
contains no simple triods. Since X is a locally connected continuum such that X = S1, by [7, p. 135, 8.40 (b)] we conclude
that X is an arc; it follows that X is a free arc and we are done. Thus, in the rest of the proof we will assume that
bd(K ) = ∅. Hence X = M . Then, by Theorem 4.21 we have that
1
∣∣bd(K )∣∣ 2. (8)
Claim I. K is connected im kleinen at every point.
Assume that K is not connected im kleinen at some point. In [7, p. 78, 5.13] it is proved that then there exists a
nondegenerate convergence subcontinuum L̂, such that L̂ ⊂ K and such that K is not connected im kleinen at any point
of L̂. However, since K is connected im kleinen at every point of K , then L̂ ⊂ bd(K ). By (8) it follows that L̂ is degenerate;
a contradiction. Therefore, K is connected im kleinen at every point.
By Claim I we obtain that K is locally connected [7, p. 84, 5.22]. Also, by Lemma 4.22 we have that K is a continuum
with no simple triods. Thus, by [7, p. 135, 8.40 (b)] we conclude that K is an arc or a simple closed curve.
Next, we will show that K ∈ LX ∪ SX .
Claim II. If K is a simple closed curve, then K ∈ SX .
Since bd(K ) ⊂ bd(K ), by (8) we have that |bd(K )| 2. If bd(K ) = ∅, then X = K . This implies that X is a simple closed
curve; a contradiction. Now, if |bd(K )| = 2, then by (8) we have that bd(K ) = bd(K ). Assume that bd(K ) = {r, s}. Since K is
a simple closed curve, then K \ {r, s} is not connected; however, K \ {r, s} = K \ bd(K ) = K \ bd(K ) = K . This implies that K
is not connected; a contradiction. Thus, |bd(K )| = 1. Therefore, K ∈ SX .
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If there exists r ∈ bd(K ) ∩ OR(K ), then K \ {r} is not connected. Since {r} ⊂ bd(K ) ⊂ bd(K ) and K \ bd(K ) = K , by (8) it
follows that K is not connected; a contradiction. Thus, bd(K ) ⊂ E(K ). Therefore, K is a free arc.
Suppose now that there exists a free arc Ĵ in X such that K  Ĵ . Observe that K ⊂ K \bd(K )  Ĵ \bd(̂ J ). Since Ĵ \bd(̂ J )
is contained in some component of M and since K  Ĵ \ bd(̂ J ), we obtain that K  A, for some component A of M;
a contradiction. Therefore, K ∈ LX .
Finally, since L \ {p,q} ⊂ K , we conclude that L = L \ {p,q} ⊂ K and K ∈ LX ∪ SX . 
5. Suspensions of ﬁnite graphs with no end points
In this section we show some basic results about the suspension of a ﬁnite graph. Mainly, we deal with ﬁnite graphs
that have no end points, and we prove that if X is a graph such that E(X) = ∅ (and X /∈ {S1} ∪ {θm: m ∈ N}), then {v1X , v−1X }
is an orbit of Sus(X) (Lemma 5.29).
We begin this section with the following observation.
Observation 5.25. Let X be a ﬁnite graph such that R(X) = ∅ and let M be as deﬁned in Notation 3.18. Consider the
following subsets of Sus(X):
U = {w ∈ Sus(X): w has a planar neighborhood in Sus(X)} and
V = {w ∈ Sus(X): w does not have planar neighborhoods in Sus(X)}.
Then we have that M × (−1,1) ⊂ U and R(X) ⊂ V ; thus, since V is closed in Sus(X) we obtain that v1X , v−1X ∈ V . Therefore,
U = [X \ R(X)]× (−1,1) and V = Sus(R(X)). (9)
Notice that the sets U and V are invariant under homeomorphisms of Sus(X) onto Sus(X).
In Lemmas 5.26–5.28 we consider Z = Sus(X). For the following result recall that Cone(X) is the quotient space
X × I/X×{1} .
Lemma 5.26. Let X be a ﬁnite graph and let C be a loop in X such that bd(C) = {q}. If p ∈ R(X) \ {q}, then v1X /∈ OZ ((p,0)).
Proof. First, we show that Sus(C) is a retract of Sus(X). To this aim, we consider the function r : X → C given by
r(x) =
{
x, if x ∈ C;
q, if x ∈ X \ C .
By Lemma 3.10, we have that r is a retraction. Therefore, there exists a retraction of Sus(X) onto Sus(C). In particular, Sus(C)
is a retract of Sus(X) \ {(p,0)}. Since Sus(C) is a 2-sphere and, hence, is not contractible, it follows that Sus(X) \ {(p,0)} is
not contractible.
Finally, since Sus(X) \ {v1X } is homeomorphic to Cone(X) \ {X × {0}}, which is contractible, we conclude that v1X /∈OZ ((p,0)). 
Lemma 5.27. Let X be a ﬁnite graph such that E(X) = ∅ and R(X) = {p,q}, with p = q, and X = θm, for each m ∈ N. If
OX (p) = OX (q), then v1X /∈ OZ ((p,0)) and v1X /∈ OZ ((q,0)).
Proof. Since X is not an m-theta for any m ∈ N, and |R(X)| = 2, by Lemma 3.6 we conclude that X contains loops. Let C be
a loop in X . If bd(C) = {p} then, since OX (p) = OX (q), there exists a loop C ′ such that bd(C ′) = {q}. Thus, by Lemma 5.26
we have that v1X /∈ OZ ((p,0)). Similarly, v1X /∈ OZ ((q,0)). 
Lemmas 5.26 and 5.27 imply the following result.
Lemma 5.28. Let X be a ﬁnite graph such that E(X) = ∅ and R(X) = {p,q}, with p = q. If OX (p) = OX (q), then v1X /∈ OZ ((p,0))
and v1X /∈ OZ ((q,0)).
Proof. Since |R(X)| = 2 and OX (p) = OX (q), we have that X is not an m-theta, for any m ∈ N. Thus, X contains loops
(Lemma 3.6). Let C be a loop in X ; without loss of generality we will assume that bd(C) = {q}. By Lemma 5.26 it follows
that v1X /∈ OZ ((p,0)). Next, we will show that v1X /∈ OZ ((q,0)). To this aim, we may assume that OZ ((p,0)) = OZ ((q,0)).
By Lemma 3.11 we have that
{p} × (−1,1) ⊂ OZ
(
(p,0)
)
and {q} × (−1,1) ⊂ OZ
(
(q,0)
)
. (10)
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Sus
({q})⊂ OZ ((q,0)). (11)
Let V be as deﬁned in Observation 5.25. By (9) of that observation we have that V = Sus({p,q}). Since V is invariant under
homeomorphisms of Sus(X) onto Sus(X), by (10) and (11) we obtain that Sus({q}) is an orbit of Sus(X). This implies that
Sus({q}) is homogeneous; however, this is not possible because Sus({q}) is an arc. Therefore, v1X /∈ OZ ((q,0)). 
We are now able to prove the main result of this section.
Lemma 5.29. Let X be a ﬁnite graph such that E(X) = ∅ and X /∈ {S1} ∪ {θm: m ∈ N}. If Z = Sus(X), then OZ (v1X ) = {v1X , v−1X }.
Proof. Let V be as in Observation 5.25. By (9) of that observation, we have that V = Sus(R(X)). We will develop the rest of
the proof in three cases.
Case I. R(X) = {p}.
In this case, we have that V is the arc Sus({p}). By Lemma 3.11 we know that {p} × (−1,1) ⊂ OZ ((p,0)). Hence, if
v1X ∈ OZ ((p,0)) then, since V is invariant under homeomorphisms of Sus(X) onto Sus(X), we would have that Sus({p}) is
an orbit of Sus(X). This would imply that the arc Sus({p}) is homogeneous; a contradiction. Therefore, v1X /∈ OZ ((p,0)). By
Lemma 3.12 we have that {v1X , v−1X } ∩ OZ ((p,0)) = ∅. Therefore, since V is invariant under homeomorphisms, we obtain
that {v1X , v−1X } is an orbit of Sus(X).
Case II. R(X) = {p,q}, with p = q.
Recall that {p} × (−1,1) ⊂ OZ ((p,0)) and {q} × (−1,1) ⊂ OZ ((q,0)) (Lemma 3.11). Moreover, by Lemmas 5.27 and 5.28
we have that v1X /∈ OZ ((p,0))∪ OZ ((q,0)). Thus, by Lemma 3.12 we obtain that {v1X , v−1X } ∩ OZ ((p,0)) = ∅ and {v1X , v−1X } ∩OZ ((q,0)) = ∅. Since V = Sus({p,q}) ((9) of Observation 5.25) and V is invariant under homeomorphisms of Sus(X) onto
Sus(X), we conclude that {v1X , v−1X } is an orbit of Sus(X).
Case III. |R(X)| 3.
In this case, since R(X) is a space with no arcs, by Observation 3.14 we obtain that {v1X , v−1X } is an orbit of Sus(R(X)).
Since the set V = Sus(R(X)) is invariant under homeomorphisms of Sus(X) onto Sus(X), we conclude that {v1X , v−1X } is an
orbit of Sus(X). 
6. Suspensions of local dendrites
In this section we prove some technical lemmas that will be used in Section 7. Among them, we show that if X is a local
dendrite (and X /∈ {I, S1} ∪ {θm: m ∈ N}), then {v1X , v−1X } is an orbit of Sus(X) (Corollary 6.31).
Lemma 6.30. Let X be a local dendrite such that X = I and E(X) = ∅. If Z = Sus(X), then OZ (v1X ) = {v1X , v−1X }.
Proof. Let Q be as deﬁned in Notation 3.16. If X contains no simple closed curves then, by (4) of Observation 3.17, we have
that Q = Sus(E(X)). Since X is a dendrite and X = I , it follows that |E(X)| 3. Therefore, since E(X) does not contain arcs;
this implies that OQ (v1X ) = {v1X , v−1X } (Observation 3.14). Thus, since Q is invariant under homeomorphisms of Z onto Z ,
we obtain that OZ (v1X ) = {v1X , v−1X }. Hence, in the rest of the proof we will assume that X contains simple closed curves.
Let P be as deﬁned in Notation 3.16. By (1) and (2) of Observation 3.17 we have that
P = Sus(OR(X) ∪ R(X)) and Q = E(X) × (−1,1). (12)
Let K be a component of Q . Then K = {e} × (−1,1), for some e ∈ E(X). Let H : Sus(X) → Sus(X) be a homeomorphism.
Since, v1X ∈ K , then
H
(
v1X
) ∈ H(K ) = H(K ). (13)
Moreover, since Q is invariant under homeomorphisms of Sus(X) onto Sus(X), we have that H(K ) = K ′ , where K ′ is a com-
ponent of Q . Also, notice that K ′ = K ′ ∪ {v1X , v−1X }. Since P is invariant under homeomorphisms of Sus(X) onto Sus(X), and
by (12) we know that v1X ∈ P , then H(v1X ) /∈ K ′ . Thus, it follows from (13) that H(v1X ) ∈ {v1X , v−1X }. Finally, by Lemma 3.12,
we conclude that OZ (v1X ) = {v1X , v−1X }. 
The following result is a consequence of Lemmas 5.29 and 6.30. This fact will be used several times in the next section
to prove our main result.
Corollary 6.31. Let X be a local dendrite such that X /∈ {I, S1} ∪ {θm: m ∈ N}. If Z = Sus(X), then OZ (v1 ) = {v1 , v−1}.X X X
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Now, if E(X) = ∅, then by Lemma 3.7 it follows that X does not contain simple ∞-ods. Thus, by Lemma 3.8 we obtain
that X is a ﬁnite graph. Therefore, by Lemma 5.29 we conclude that OZ (v1X ) = {v1X , v−1X }. 
Lemma 6.32. Let X be a local dendrite such that X = I . If H : Sus(X) → Sus(X) is a homeomorphism and e ∈ E(X), then
H(Sus({e})) = Sus({ f }), for some f ∈ E(X).
Proof. Let Q be as deﬁned in Notation 3.16. If X contains no simple closed curves then, by (4) of Observation 3.17, we have
that Q = Sus(E(X)). Recall that Q is invariant under homeomorphisms of Sus(X) onto Sus(X). Since E(X) is a space with
no arcs and |E(X)| 3 (X is a dendrite such that X = I), then by Lemma 3.15 applied to the space with no arcs E(X), we
conclude that H(Sus({e})) = H|Q (Sus({e})) = Sus({ f }), for some f ∈ E(X).
Hence, in the rest of the proof we will assume that X contains a simple closed curve. By (2) of Observation 3.17,
we have that Q = E(X) × (−1,1). Since Q is invariant under homeomorphisms of Sus(X) onto Sus(X), it follows that
H({e}× (−1,1)) = H|Q ({e}× (−1,1)) = { f } × (−1,1), for some f ∈ E(X). Since X = I and E(X) = ∅, then by Corollary 6.31
we have that H({v1X , v−1X }) = {v1X , v−1X }. Therefore, H(Sus({e})) = Sus({ f }). 
Corollary 6.33. Let X be a local dendrite such that X = I and let H : Sus(X) → Sus(X) be a homeomorphism. If y ∈ E(X), then
H(Sus({y})) = Sus({x}), for some x ∈ E(X).
Proof. Since y ∈ E(X), there exists a sequence {en}∞n=1 ⊂ E(X), that converges to y. Then, {Sus({en})}∞n=1 converges to
Sus({y}) (with the Hausdorff metric). Now, by Lemma 6.32, for each n ∈ N we have that H(Sus({en})) = Sus({e′n}), for some
e′n ∈ E(X). This implies that {Sus({e′n})}∞n=1 converges to H(Sus({y})). Therefore, H(Sus({y})) = Sus({x}), for some x ∈ X .
Moreover, since {Sus({e′n})}∞n=1 converges to Sus({x}), then the sequence {e′n}∞n=1 converges to x. Finally, since {e′n}∞n=1 ⊂ E(X),
we conclude that x ∈ E(X). 
Notation 6.34. Let X be a local dendrite. Denote by
ORNL(X) =
{
w ∈ OR(X): w ∈ E(X)},
ORL(X) = OR(X) \ ORNL(X).
Notation 6.35. Let X be a local dendrite and let P be as deﬁned in Notation 3.16. We consider the following subsets of P :
KP =
{
w ∈ P : w has a planar neighborhood in Sus(X)} and
LP = P \ KP .
Observation 6.36. Let X be a local dendrite such that R(X) = ∅, and let P be as deﬁned in Notation 3.16. Further, let
ORNL(X) and ORL(X) be as deﬁned in Notation 6.34 and let KP and LP be as deﬁned in Notation 6.35. By Lemma 3.9 and
by (1) and (3) of Observation 3.17 we have that
KP = ORL(X) × (−1,1) and
LP =
{
Sus(ORNL(X) ∪ R(X)), if v1X , v−1X ∈ P or
(ORNL(X) ∪ R(X)) × (−1,1), if v1X , v−1X /∈ P .
Moreover, since P is invariant under homeomorphisms of Sus(X) onto Sus(X), it follows that the sets KP and LP also are
invariant under homeomorphisms of Sus(X) onto Sus(X).
Notation 6.37. Let X be a local dendrite. Denote by
RD(X) =
{
w ∈ R(X): w ∈ E(X)},
RND(X) = R(X) \ RD(X).
Note that RND(X) is a discrete space.
Observation 6.38. Let X be a local dendrite such that R(X) = ∅, let Q be as deﬁned in Notation 3.16, let LP be as deﬁned
in Notation 6.35 and, ﬁnally, let RD(X) and RND(X) be as deﬁned in Notation 6.37. Consider the following subsets of LP :
W1 = {w ∈ LP : w ∈ Q } and
W2 = LP \ W1.
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W1 =
(
ORNL(X) ∪ RD( X)
)× (−1,1) and W2 = RND(X) × (−1,1), if v1X , v−1X /∈ P ; (14)
or
W1 = Sus
(
ORNL(X) ∪ RD(X)
)
and W2 = RND(X) × (−1,1), if v1X , v−1X ∈ P . (15)
Lemma 6.39. Let X be a local dendrite such that R(X) = ∅, and let W1 and W2 be as deﬁned in Observation 6.38. Then the subsets
W1 and W2 are invariant under homeomorphisms of Sus(X) onto Sus(X).
Proof. Let H : Sus(X) → Sus(X) be a homeomorphism. Note that W1 = LP ∩ Q . Since Q and LP are invariant under
homeomorphisms of Sus(X) onto Sus(X) (Notation 3.16 and Observation 6.36) it follows that H(W1) = H(LP ) ∩ H(Q ) =
LP ∩ Q = W1. Therefore, H(W2) = H(LP ) \ H(W1) = LP \ W1 = W2. 
Lemma 6.40. Let X be a local dendrite such that X /∈ {I, S1} ∪ {θm: m ∈ N}. Let ORNL(X) be as deﬁned in Notation 6.34 and let
H : Sus(X) → Sus(X) be a homeomorphism. If r ∈ R(X) ∪ ORNL(X), then
H
(
Sus
({r}))= Sus({ j}), for some j ∈ R(X) ∪ ORNL(X).
Proof. Let RD(X) and RND(X) be as deﬁned in Notation 6.37. If r ∈ RD(X)∪ORNL(X), then r ∈ E(X). Thus, by Corollary 6.33
we have that H(Sus({r})) = Sus({ j}), for some j ∈ E(X). Let W1 be as deﬁned in Observation 6.38. By Lemma 6.39 we know
that W1 is invariant under homeomorphisms of Sus(X) onto Sus(X). Thus, by (14) and (15) of Observation 6.38, we obtain
that j ∈ ORNL(X) ∪ RD(X).
Now, assume that r ∈ RND(X) and let W2 be as deﬁned in Observation 6.38. Then, using (14) and (15) of Observa-
tion 6.38, and the fact that W2 is invariant under homeomorphisms of Sus(X) onto Sus(X) (Lemma 6.39), we obtain that
H({r} × (−1,1)) = H|W2 ({r} × (−1,1)) = {k} × (−1,1), for some k ∈ RND(X).
Finally, by Corollary 6.31 we know that H({v1X , v−1X }) = {v1X , v−1X }. Therefore, H(Sus({r})) = Sus({k}). 
We conclude this section with the following result, which is a direct consequence of Lemmas 6.32 and 6.40.
Corollary 6.41. Let X be a local dendrite such that X /∈ {I, S1} ∪ {θm: m ∈ N} and let ORNL(X) be as deﬁned in Notation 6.34. If
H : Sus(X) → Sus(X) is a homeomorphism, then H(Sus(E(X) ∪ ORNL(X) ∪ R(X))) = Sus(E(X) ∪ ORNL(X) ∪ R(X)).
7. The main theorem
In this section we prove the main result of this paper (Corollary 7.49). We begin with the following technical lemma,
which will be essential in the proof of Lemma 7.44 and Theorem 7.46.
Lemma 7.42. Let X be a local dendrite such that X /∈ {I, S1} ∪ {θm: m ∈ N} and let H : Sus(X) → Sus(X) be a homeomorphism. Let
LX and SX be as deﬁned in Notation 4.23. Let A, A′ ∈ LX ∪ SX , let p and q be the end points of A and let a and b be the end points
of A′ . Then:
(i) H(Sus(A)) = Sus(B), for some B ∈ LX ∪ SX .
(ii) If A ∈ LX and H(Sus(A)) = Sus(B), for some B ∈ LX ∪ SX with end points r and s, then B ∈ LX , π∗(H(A × {0})) = B and
{r, s} = {π∗(H(p,0)),π∗(H(q,0))}.
(iii) If A ∈ SX and H(Sus(A)) = Sus(B), for some B ∈ LX ∪ SX with end points r and s, then B ∈ SX , π∗(H(A × {0})) = B and
{π∗(H(p,0))} = {r} = {s}.
(iv) If A = A′ , then π∗(H((A \ {p,q}) × {0})) ∩ π∗(H((A′ \ {a,b}) × {0})) = ∅.
Proof. Proof of (i). Note that Sus(A) = ((A \ {p,q}) × (−1,1)) ∪ Sus({p}) ∪ Sus({q}). Then
H
(
Sus(A)
)= H((A \ {p,q})× (−1,1))∪ H(Sus({p}))∪ H(Sus({q})). (16)
Let KP be as deﬁned in Notation 6.35 and recall that Kp is invariant under homeomorphisms of Sus(X) onto Sus(X) (Obser-
vation 6.36). Now, by that observation we know that KP = ORL(X)×(−1,1). Thus, since (A \{p,q})×(−1,1) is a component
of KP , then H((A \ {p,q}) × (−1,1)) is some component of KP ; i.e.
H
((
A \ {p,q})× (−1,1))= (B \ {r, s})× (−1,1), for some B ∈ LX ∪ SX with end points r and s. (17)
Thus,
H
(
Sus(A)
)= H((A \ {p,q})× (−1,1))= (B \ {r, s})× (−1,1) = Sus(B). (18)
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that
H
({
Sus
({p}), Sus({q})})= {Sus({r}), Sus({s})}. (19)
Proof of (ii). Since A ∈ LX , then p = q. Thus, it follows from (19) that r = s. Therefore, B ∈ LX . Note that (p,0), (q,0) ∈
A × {0} ⊂ Sus(A). This implies that H((p,0)), H((q,0)) ∈ H(A × {0}) ⊂ H(Sus(A)) = Sus(B). Thus, by (19) we have that
H
(
A × {0})∩ Sus({r}) = ∅ and H(A × {0})∩ Sus({s}) = ∅. (20)
Since H({v1X , v−1X }) = {v1X , v−1X } (Corollary 6.31), we obtain that H(A × {0}) ⊂ B × (−1,1). Then π∗(H(A × {0})) is an
arcwise connected subset of B . By (20) we have that r, s ∈ π∗(H(A × {0})); therefore, π∗(H(A × {0})) = B . Finally, by (19)
we conclude that {r, s} = {π∗(H(p,0)),π∗(H(q,0))}.
Proof of (iii). If A ∈ SX , then p = q. Hence, by (19) it follows that r = s. This implies that B ∈ SX . Now, since
H({v1X , v−1X }) = {v1X , v−1X } (Corollary 6.31) and H(Sus(A)) = Sus(B), we have that H(A × {0}) ⊂ B × (−1,1). Therefore,
π∗(H(A × {0})) ⊂ B .
On the other hand, since A is not contractible in X , then π∗(H(A × {0})) is not contractible in X either (Lemma 4.20).
This implies that π∗(H(A ×{0})) is an arcwise connected subset of B that is not contractible in X . Hence, since B ∈ SX , we
conclude that π∗(H(A × {0})) = B . Finally, by (19) we have that {π∗(H(p,0))} = {r} = {s}.
Proof of (iv). If A = A′ , then (A \ {p,q}) ∩ (A′ \ {a,b}) = ∅. Hence,
H
((
A′ \ {a,b})× (−1,1))∩ H((A \ {p,q})× (−1,1))= ∅. (21)
On the other hand, since (A \ {p,q}) × (−1,1) and (A′ \ {a,b}) × (−1,1) are components of KP , and KP is invariant
under homeomorphisms of Sus(X) onto Sus(X), then there exist B, B ′ ∈ LX ∪ SX such that H((A \ {p,q}) × (−1,1)) =
(B \ {r, s}) × (−1,1) and H((A′ \ {a,b}) × (−1,1)) = (B ′ \ {r′, s′}) × (−1,1), where r and s are the end points of B , and
r′ and s′ are the end points of B ′ . As a consequence of this and by (21) we conclude that π∗(H((A \ {p,q}) × {0})) ∩
π∗(H((A′ \ {a,b}) × {0})) = ∅. 
Now we consider the following observation.
Observation 7.43. Let X be a local dendrite such that X /∈ {I, S1} ∪ {θm: m ∈ N} and let H : Sus(X) → Sus(X) be a home-
omorphism. Let LX and SX be as deﬁned in Notation 4.23. For each A ∈ LX (or SX ) with end points a and b, by (i)
and (ii) of Lemma 7.42 (or by (i) and (iii) of Lemma 7.42) we have that π∗(H(A × {0})) ∈ LX (or SX ) and that the end
points of π∗(H(A × {0})) are π∗(H(a,0)) and π∗(H(b,0)). Thus, since A and π∗(H(A × {0})) are homeomorphic, for each
A ∈ LX ∪ SX with end points a and b, we can deﬁne a homeomorphism:
f A : A → π∗
(
H
(
A × {0})) such that
f A(a) = π∗
(
H(a,0)
)
and f A(b) = π∗
(
H(b,0)
)
. (22)
Note that if x ∈ ORL(X), then by Lemma 4.24 we know that there exists A ∈ LX ∪ SX such that x ∈ A. Thus, we may deﬁne
a function h : X → X given by
h(x) =
{
f A(x), if x ∈ A for some A ∈ LX ∪ SX ;
π∗(H((x,0))), if x ∈ ORNL(X) ∪ E(X) ∪ R(X).
Lemma 7.44. Let X be a local dendrite such that X /∈ {I, S1} ∪ {θm: m ∈ N} and let H : Sus(X) → Sus(X) be a homeomorphism. Let h
be the function deﬁned in Observation 7.43. Then h is well deﬁned and continuous.
Proof. By Corollary 6.31 we know that H({v1X , v−1X }) = {v1X , v−1X }; thus, if x ∈ ORNL(X) ∪ E(X) ∪ R(X), then we have that
H((x,0)) ∈ X × (−1,1); hence, we may apply π∗; this implies that h is well deﬁned at the point x. Now, if x ∈ ORL(X), then
x ∈ A for some A ∈ LX ∪ SX (Lemma 4.24) and we may apply h to x. Moreover, if x ∈ A ∩ B , with A, B ∈ LX ∪ SX and
A = B , then x is an end point of A and of B . Hence, by (22) of Observation 7.43 it follows that f A(x) = π∗(H(x,0)) = f B(x).
Finally, since for each A ∈ LX ∪ SX with end points a and b, we have that A ∩ (ORNL(X) ∪ E(X) ∪ R(X)) = {a,b}, by (22) of
Observation 7.43 we obtain that h is well deﬁned.
Next, we will show that h is continuous. To this aim, let x ∈ X and let {xn}∞n=1 be a sequence in X that converges to x.
Let {xni }∞i=1 be a subsequence of {xn}∞n=1. We will show that the subsequence {h(xni )}∞i=1 converges to h(x). It suﬃces to
analyze three cases:
Case I. The subsequence {xni }∞i=1 ⊂ E(X) ∪ R(X) ∪ ORNL(X).
In this case, it follows that x ∈ E(X)∪ R(X)∪ORNL(X). This implies that h(xni ) = π∗(H((xni ,0))) and h(x) = π∗(H((x,0))).
Since H and π∗ are continuous, in this case we conclude that {h(xni )}∞ converges to h(x).i=1
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⋃k
l=1 Al .
In this case, it follows that x ∈ ⋃kl=1 Al . Deﬁne f :⋃kl=1 Al → ⋃kl=1 π∗(H(Al × {0})) by f (y) = f Al (y), if y ∈ Al . Observe
that f = h|⋃k
l=1 Al
. Thus, f is well deﬁned. Moreover, since for each l ∈ {1, . . . ,k}, we have that Al is a closed subset of X ,
and f Al is continuous, then as a consequence of Lemma 3.10 we obtain that f is continuous. Hence, { f (xni )}∞i=1 converges
to f (x); therefore, {h(xni )}∞i=1 converges to h(x).
Case III. For each i ∈ N, we have that xni ∈ Ani , for some Ani ∈ LX ∪ SX . Moreover, we will assume that ani and bni are
the end points of Ani , and that Ani = An j whenever i = j.
Let i ∈ N. Observe that Ani \ {ani ,bni } is an open and connected subset of X . Now, for each i = j, we have that Ani = An j .
Hence, (Ani \ {ani ,bni })∩ (An j \ {an j ,bn j }) = ∅. Furthermore, by Lemmas 3.1 and 3.2 it follows that X is a hereditarily locally
connected continuum. Thus, by Lemma 3.3 we conclude that
lim
i→∞
(
diam
(
Ani \ {ani ,bni }
))= 0. (23)
Since the sequence {xni }∞i=1 converges to x and xni ∈ Ani for each i ∈ N, then {Ani }∞i=1 converges to {x} (with the Hausdorff
metric). Hence, {Sus(Ani )}∞i=1 converges to Sus({x}). Thus,{
H
(
Sus(Ani )
)}∞
i=1 converges to H
(
Sus
({x})). (24)
Now, from (23) and since {Ani }∞i=1 converges to {x}, we obtain that x ∈ ORNL(X) ∪ E(X) ∪ R(X). Thus, by Lemmas 6.32
and 6.40 it follows that
H
(
Sus
({x}))= Sus({y}), for some y ∈ X . (25)
Hence, h(x) = π∗(H((x,0))) ∈ π∗(H({x} × (−1,1))) = {y}. Therefore,
h(x) = y. (26)
On the other hand, for each i ∈ N, by (i) of Lemma 7.42 we have that H(Sus(Ani )) = Sus(Bni ), for some Bni ∈ LX ∪ SX .
Thus, from (24) and (25) we obtain that {Sus(Bni )}∞i=1 converges to Sus({y}). This implies that
{Bni }∞i=1 converges to {y}. (27)
Further, by (ii) and (iii) of Lemma 7.42 we have that π∗(H(Ani × {0})) = Bni . Then, h(xni ) = f Ani (xni ) ∈ Bni . Thus, by (27)
and by (26) we conclude that {h(xni )}∞i=1 converges to h(x).
Finally, since {xni }∞i=1 is any subsequence of {xn}∞n=1 and since {h(xni )}∞i=1 converges to h(x), we conclude that {h(xn)}∞n=1
converges to h(x). Therefore, h is continuous. 
Observation 7.45. Let X be a continuum. If A ∈ LX ∪ SX and the end points of A are p and q, then A \ {p,q} is contained
in a single orbit of X .
The next theorem is the key in the proof of our main result.
Theorem 7.46. Let X be a local dendrite such that X /∈ {I, S1} ∪ {θm: m ∈ N} and let Z = Sus(X). If u, v ∈ X and OZ ((u,0)) =
OZ ((v,0)), then OX (u) = OX (v).
Proof. Since OZ ((u,0)) = OZ ((v,0)), there exists a homeomorphism H : Sus(X) → Sus(X) such that
H
(
(u,0)
)= (v,0). (28)
Let ORL(X) and ORNL(X) be as deﬁned in Notation 6.34 and let h : X → X be the function deﬁned in Observation 7.43. By
Lemma 7.44 we know that h is well deﬁned and continuous. We will show in three steps that h is a homeomorphism and
that h(u) = v .
Step 1. The function h is one-to-one.
To this aim, let x, y ∈ X be such that x = y. It suﬃces to analyze four cases:
Case I. If x, y ∈ ORNL(X) ∪ R(X) ∪ E(X).
By Lemmas 6.32 and 6.40 we have that H(Sus({x})) = Sus({z}) and H(Sus({y})) = Sus({w}), for some z,w ∈ ORNL(X) ∪
R(X) ∪ E(X). Since x = y, it follows that Sus({z}) = Sus({w}); hence, z = w . Thus, since H((x,0)), H((y,0)) ∈ X × (−1,1)
(Corollary 6.31) we have that
h(x) = π∗(H((x,0))) ∈ π∗({z} × (−1,1))= {z} and
h(y) = π∗(H((y,0))) ∈ π∗({w} × (−1,1))= {w}.
Therefore, h(x) = h(y).
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Since f A is a homeomorphism, it follows that h(x) = f A(x) = f A(y) = h(y).
Case III. If x, y ∈ ORL(X) and x ∈ Ai for some Ai ∈ LX ∪ SX and y /∈ Ai .
In this case, by Lemma 4.24 we have that y ∈ A j , for some A j ∈ LX ∪ SX . Since y /∈ Ai , it follows that A j = Ai . Assume
that ai and bi are the end points of Ai and that a j and b j are the end points of A j . Hence, by (iv) of Lemma 7.42 we have
that π∗(H((Ai \ {ai,bi}) × {0})) ∩ π∗(H((A j \ {a j,b j}) × {0})) = ∅. Now, by (ii) and (iii) of Lemma 7.42 it follows that
h(x) = f Ai (x) ∈ π∗
(
H
(
Ai × {0}
)) \ {π∗(H(ai,0)),π∗(H(bi,0))}= π∗(H((Ai \ {ai,bi})× {0})) and
h(y) = f A j (y) ∈ π∗
(
H
(
A j × {0}
)) \ {π∗(H(a j,0)),π∗(H(b j,0))}= π∗(H((A j \ {a j,b j})× {0})).
Therefore, h(x) = h(y).
Case IV. If x ∈ ORL(X) and y ∈ E(X) ∪ R(X) ∪ ORNL(X).
By Lemma 4.24 we have that x ∈ Ai , for some Ai ∈ LX ∪ SX . Assume that ai and bi are the end points of Ai . Now,
by (ii) and (iii) of Lemma 7.42 we have that h(x) = f Ai (x) ∈ π∗(H(Ai × {0})) \ {π∗(H(ai,0)),π∗(H(bi,0))} ⊂ ORL(X). Since
h(y) = π∗(H(y,0)), by Corollary 6.41 we obtain that h(y) /∈ ORL(X). This implies that h(x) = h(y).
This completes the proof of Step 1.
Step 2. The function h is surjective.
To this aim, let y ∈ X . Consider the following cases:
Case I. If y ∈ ORNL(X) ∪ R(X) ∪ E(X).
By Corollary 6.41, there exists z ∈ Sus(ORNL(X)∪ R(X)∪ E(X)) such that H(z) = (y,0). Since OZ (v1X ) = {v1X , v−1X } (Corol-
lary 6.31), then z = (w, t) ∈ (ORNL(X) ∪ R(X) ∪ E(X)) × (−1,1) and H((w, t)) = (y,0). Thus, we obtain that H(Sus({w})) =
Sus({y}) (Lemmas 6.32 and 6.40). Therefore, h(w) = π∗(H((w,0))) = y.
Case II. If y ∈ ORL(X).
By Lemma 4.24, there exists Ay ∈ LX ∪SX such that y ∈ Ay . Thus, by (i) of Lemma 7.42 (applied to Ay and to H−1), we
obtain that there exists Az ∈ LX ∪ SX such that H−1(Sus(Ay)) = Sus(Az). Therefore, by (ii) and (iii) of Lemma 7.42 (applied
to Az and H), it follows that π∗(H(Az × {0})) = Ay . Now, since f Az : Az → π∗(H(Az × {0})) = Ay is a homeomorphism, and
y ∈ Ay , there exists l ∈ Az such that f Az (l) = y. Thus, h(l) = f Az (l) = y.
This completes the proof of Step 2.
Since X is a compact and Hausdorff space, from Step 1, Step 2 and Lemma 7.44 we conclude that h : X → X is a homeo-
morphism. Finally, in the last step we will show that h(u) = v .
Step 3. h(u) = v .
To this aim, we consider the following cases:
Case I. If u ∈ ORNL(X) ∪ E(X) ∪ R(X).
In this case, by (28) we conclude that h(u) = π∗(H((u,0))) = π∗((v,0)) = v .
Case II. If u ∈ ORL(X).
By Lemma 4.24, there exists Au ∈ LX ∪ SX such that u ∈ Au . Further, by (i) of Lemma 7.42 there exists B ∈ LX ∪ SX ,
with end points r and s, such that H(Sus(Au)) = Sus(B). Let au and bu be the end points of Au . By (ii) and (iii) of Lemma 7.42
we have that π∗(H(Au × {0})) = B and {π∗(H((au,0))),π∗(H((bu,0)))} = {r, s}. Hence, since u ∈ Au \ {au,bu}, we obtain
that
h(u) = f Au (u) ∈ B \ {r, s}. (29)
On the other hand, recall that H((u,0)) = (v,0) and that (u,0) ∈ (Au \ {au,bu})× (−1,1). Also, we know that H(Sus(Au)) =
Sus(B) and that OZ (v1X ) = {v1X , v−1X } (Corollary 6.31). Thus, (v,0) ∈ (B \ {r, s}) × (−1,1). Therefore,
v ∈ B \ {r, s}. (30)
Since B ∈ LX ∪ SX , then by Observation 7.45, (29) and (30) we obtain that OX (u) = OX (v).
In any case, we conclude that OX (u) = OX (v). This completes the proof. 
Theorem 7.46 implies the following result. Recall that dH (X) denotes the degree of homogeneity of X .
Theorem 7.47. If X is a local dendrite such that X /∈ {I, S1} ∪ {θm: m ∈ N}, then:
(a) If dH (X) = n, for some n ∈ N, then
dH
(
Sus(X)
)= dH (X) + 1.
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dH
(
Sus(X)
)= dH (X).
Proof. Let Z = Sus(X), let Γ be an indexing set and let {OαX : α ∈ Γ } be the orbits of X . Let α ∈ Γ . Then, OαX = OX (xα),
for some xα ∈ X . Further, by Lemma 3.11, we know that OαX × (−1,1) is contained in a single orbit of Sus(X). Thus,OαX × (−1,1) ⊂ OZ ((xα,0)).
Moreover, for each α,β ∈ Γ such that α = β , we have that OZ ((xα,0)) = OZ ((xβ,0)) (Theorem 7.46). Therefore, the
orbits {OZ ((xα,0)): α ∈ Γ } are all different. On the other hand, by Corollary 6.31 we have that {v1X , v−1X } is an orbit of
Sus(X). Thus, the orbits of Sus(X) are {{v1X , v−1X }} ∪ {OZ ((xα,0)): α ∈ Γ }. Hence, if Γ is ﬁnite, we obtain that dH (Sus(X)) =
dH (X) + 1. Finally, if Γ is inﬁnite, then we conclude that dH (Sus(X)) = dH (X). 
Note that every ﬁnite graph has ﬁnitely many orbits; however, that is not necessarily the case for local dendrites. For
example, consider the hairy point Fω , and assume Fω = ⋃∞i=1 Ai , where Ai is a free arc for each i ∈ N, Ai ∩ A j = {p}, for
some p ∈ Fω and for every i = j and limi→∞(diam(Ai)) = 0. For each n ∈ N, let pn be the midpoint of An and let En be a
simple n-od, with core pn , such that
En ∩
(
Fω \ {pn}
)= ∅, El ∩ Ek = ∅ if l = k and lim
n→∞
(
diam(En)
)= 0.
Let X = Fω ∪ (⋃∞n=1 En). Observe that if i = j, then ordpi (X) = i + 2 = j + 2 = ordp j (X). Hence, OX (pi) = OX (p j). This
implies that X is a local dendrite with inﬁnitely many orbits.
On the other hand, in Theorem 7.47 we do not consider arcs, simple closed curves or m-thetas, because these kinds of
local dendrites behave differently. This is shown in Lemma 7.48.
Lemma 7.48. If X ∈ {I, S1} ∪ {θm: m ∈ N}, then
dH
(
Sus(X)
)= dH (X).
Proof. If X = I or X ∈ {θm: m ∈ N}, then X is 12 -homogeneous. In [5, p. 488, 4.3.7] it is proved that dH (Sus(X)) = 2. This
implies that dH (Sus(X)) = dH (X).
Now, if X is homeomorphic to S1, then X is homogeneous. Since Sus(X) is homeomorphic to 2-sphere, it follows that
Sus(X) is homogeneous. Therefore, dH (Sus(X)) = dH (X). 
Finally, we present our main result, which is a consequence of Theorem 7.47 and Lemma 7.48. In it we fully determine
the degree of homogeneity of Sus(X), in terms of that of X , when X is a local dendrite.
Corollary 7.49. Let X be a local dendrite. Then:
(i) If dH (X) is inﬁnite or X ∈ {I, S1} ∪ {θm: m ∈ N}, then
dH
(
Sus(X)
)= dH (X).
(ii) If dH (X) = n, for some n ∈ N, and X /∈ {I, S1} ∪ {θm: m ∈ N}, then
dH
(
Sus(X)
)= dH (X) + 1.
In [5, p. 489, 4.4.3] the local dendrites with 12 -homogeneous suspension are characterized. Thus, a problem that appears
naturally is to determine those local dendrites with 13 -homogeneous suspension. As a consequence of Corollary 7.49, we
give three results related to this problem. We ﬁnish this section with these corollaries and with some open questions and
problems.
Corollary 7.50. If X is a local dendrite such that E(X) = ∅, then Sus(X) is not 13 -homogeneous.
Proof. If X has 13 -homogeneous suspension, then X = I . Hence, by (ii) of Corollary 7.49 we have that dH (X) = 2. Thus, since
E(X) = ∅ and OR(X) = ∅, it follows that the orbits of X are E(X) and OR(X). Hence, R(X) = ∅. Since X is a nondegenerate,
locally connected continuum, and E(X) = ∅, by [7, p. 135, 8.40 (b)] we conclude that X is an arc, which is a contradiction.
Therefore, Sus(X) is not 13 -homogeneous. 
The following result is a consequence of Corollary 7.50.
Corollary 7.51. There exist no dendrites with 1 -homogeneous suspension.3
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no end points with 13 -homogeneous suspension. For example, by (ii) of Corollary 7.49 we know that every
1
2 -homogeneous
ﬁnite graph X , with no end points (and X /∈ {S1} ∪ {θm: m ∈ N}), has 13 -homogeneous suspension. Such is the case of the
continuum that has the shape of the ﬁgure eight, or that of a complete ﬁnite graph. As a matter of fact, the following
corollary holds.
Corollary 7.52. If X is a local dendrite with 13 -homogeneous suspension, then X is a
1
2 -homogeneous ﬁnite graph, different to I and
to θm, for each m ∈ N.
Proof. By Corollary 7.50 we have that E(X) = ∅. Thus, by Lemmas 3.7 and 3.8 it follows that X is a ﬁnite graph. By (ii) of
Corollary 7.49, it follows that X ∈ {I, S1}∪{θm: m ∈ N}. Thus, applying (ii) of Corollary 7.49, we conclude that dH (X) = 2. 
Among continua, it is known that the class of 1-dimensional ANR’s coincides with the class of local dendrites [10,
p. 238, 5.1]. Hence, we may reformulate Corollary 7.49 as follows:
Corollary 7.53. Let X be a 1-dimensional ANR. Then:
(i) If dH (X) is inﬁnite or X ∈ {I, S1} ∪ {θm: m ∈ N}, then
dH
(
Sus(X)
)= dH (X).
(ii) If dH (X) = n, for some n ∈ N, and X /∈ {I, S1} ∪ {θm: m ∈ N}, then
dH
(
Sus(X)
)= dH (X) + 1.
Thus, the following question arise naturally:
Question 7.54. Let n ∈ N with n 2. Does there exist an analog to Corollary 7.53 for n-dimensional ANR’s?
Question 7.55. Does there exist an analog to Corollary 7.53 for inﬁnite dimensional ANR’s?
It would be interesting to determine the degree of homogeneity of Sus(X), for some other classes of continua related
to local dendrites, or to 1-dimensional continua. We conclude this section stating some problems in connection with such
classes.
Problem 7.56. Determine dH (Sus(X)), when X is a dendroid.
Problem 7.57. Determine dH (Sus(X)), when X is a hereditarily locally connected continuum.
Problem 7.58. Determine dH (Sus(X)), when X is a circle-like continuum.
Problem 7.59. Determine dH (Sus(X)), when X is an arc-like continuum.
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